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Abstract— This paper presents the design of an active safety
system for prevention of unintended roadway departures. In
normal driving conditions, the driver fully commands the
vehicle while the safety system corrects the driver’s steering
and braking action in case there’s a risk that the vehicle
unintentionally departs the road. A model of the driver’s
nominal behavior is first estimated based on his or her observed
behavior. A nonlinear model of the vehicle in closed loop with
the driver is then used to reformulate the threat assessment
and control problems as a combined optimization problem.The
resulting predictive controller is always active and mode switching is not necessary. Experimental data collected using human
drivers in a driver simulator, demonstrate the capability of the
suggested controller to detect and avoid roadway departures
while avoiding unnecessary interventions.

I. I NTRODUCTION
Automated driving technologies are increasingly gaining
interest in the automotive industry. Advances in sensing technologies have enabled the introduction of several automated
driving applications over the last two decades. Examples of
such applications are Adaptive Cruise Control (ACC) and
Rear-end Collision Avoidance systems [3].
In safety applications interventions are activated automatically. Overactivation of automated safety interventions might
be felt as intrusive by the driver, while on the other hand,
a missed or delayed intervention might lead to a collision.
Figure 1 shows an example a safety system architecture. In
particular, the threat assessment layer deals with the task of
determining whether interventions are necessary and plays an
important role in the interaction with the driver. The threat
assessment block repeatedly evaluates the driver’s ability in
maintaining safety in each situation and this information is
then used by the decision making block in order to decide
whether and how to assist the driver. It is a challenge for an
active safety system to properly assess when to intervene.
In the literature, a large variety of threat assessment and
decision making approaches can be found [3], [12], [10], [5].
In the simplest approaches, automated steering or braking
interventions are issued when simple measures like the
time to collision [3] or time to line crossing [12] pass
certain thresholds. More sophisticated approaches, on the
other hand, include the computation of Bayesian collision
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Fig. 1.

Safety system architecture

probabilities [10] or sets of safe states from which the vehicle
can safely evolve [5].
The intervention module, in Figure 1, implements the
intervention controller(s), activated by the threat assessment
layer, in case an accident is imminent. In a roadway departure
prevention application, tasks of the intervention module
involve both determining a safe trajectory and coordination
of the actuators. The literature on vehicle path planning and
control is rich, see, e.g. [6], [11], [19], [7].
In this paper, the focus is on the design of an active safety
system for prevention of unintended roadway departures.
Rather than separately solving the threat assessment, decision
making, and intervention problems (the blocks in the shaded
region of Figure 1), we reformulate the threat assessment
and control problems as a combined optimization problem. In
particular, a predictive optimal control problem is formulated
which simultaneously uses predicted driver’s behavior and
determines the least intrusive intervention that will keep
the vehicle in a region of the state space where the driver
is deemed safe. The proposed controller is always active,
which avoids the design and tuning of a switching logic. In
addition, since the proposed controller is designed to only
apply the correcting control action that is necessary to avoid
violation of the safety constraints, the intrusiveness of the

safety application is kept minimal.
The rest of the paper is organized as follows: in Section II
we introduce the vehicle dynamics and driver models. In
Section III we introduce the safety constraints as requirements that the vehicle stays in the lane while operating
in a region of the state space where the driver is deemed
capable of maneuvering the vehicle. In Section IV, the
proposed predictive controller is presented and in Section V
we present validation results of the proposed method. Finally,
in Section VI we provide some concluding remarks and
outline future work.
II. M ODELING
In this section, we present the mathematical models used
for the combined threat assessment and control design.
Fig. 3. Sample plots ofqlateral tire force characteristics for different levels
of braking, where ϕ = (µi Fzi )2 − fx2i .

A. Vehicle model
Consider the vehicle sketch in Figure 2. We use the
following set of differential equations to describe the vehicle
motion within the lane,
mv̇x = mvy ψ̇ +

4
X

Fxi ,

i=1
4
X

mv̇y = −mvx ψ̇ +

(1a)

Fyi ,

(1b)

i=1

Jz ψ̈ = lf (Fy1 + Fy2 ) − lr (Fy3 + Fy4 )+
wt
(−Fx1 + Fx2 − Fx3 + Fx4 ),
2
ėψ = ψ̇ − ψ̇d ,
ėy = vy cos(eψ ) + vx sin(eψ ),

(1c)
(1d)
(1e)
(1f)

where m and Jz denote the vehicle mass and yaw inertia,
respectively, lf and lr denote the distances from the vehicle
center of gravity to the front and rear axles, respectively, and
wt denotes the track width. vx and vy denote the vehicle
longitudinal and lateral velocities, respectively, and ψ̇ is the
turning rate around a vertical axis at the vehicle’s center of
gravity. eψ and ey in Figure 2 denote the vehicle orientation
and lateral position, respectively, in a road aligned coordinate
frame and ψd is the angle of the tangent to the road centerline
in a fix coordinate frame. Fyi and Fxi are tire forces acting
along the vehicle lateral and longitudinal axis, respectively,
and fyi , fxi are forces acting along the tire lateral and
longitudinal axis, respectively.
The longitudinal and lateral tire force components in the
vehicle body frame are modeled as,
Fxi = fxi cos(δi ) − fyi sin(δi ),
Fyi = fxi sin(δi ) + fyi cos(δi ),

(2a)
i ∈ {1, 2, 3, 4},

(2b)

where δi is the steering angle at wheel i. We introduce the
following assumption on the steering angles,
Assumption 1: Only the steering angles at the front wheels
can be controlled and the steering angles at the right and
left wheels of each axle are assumed to be the same, i.e.,
δ1 = δ2 = δ and δ3 = δ4 = 0. In addition, an actuator
which corrects the driver commanded steering angle, such

that δ = δd + δc , is available, where δd is the driver
commanded steering angle and δc is the correcting steering
angle component. This can be realized by means of, e.g., a
planetary gear and electric motor.
We introduce the following assumption on the braking forces,
Assumption 2: Pedal braking, distributes braking forces
according to the following relation,
fx1 = fx2 = σ F2b , fx3 = fx4 = (1 − σ) F2b ,

(3)

where σ is a constant (vehicle dependant) distribution parameter and Fb is the total braking force. An actuator capable of
augmenting the braking of the driver is assumed available.
fyi is computed using a simplified version of the Pacejka
magic tire formula [13]. We let αi denote the tire slip angle,
µi denote the friction coefficient, Fzi denote the vertical load
at each wheel and write the tire formula as
p
(4)
fyi = (µi Fzi )2 − fx2i sin (Ci arctan (Bi αi )),
where Ci , Bi are tire parameters calibrated using experimental data.
The tire slip angles αi in (4) are approximated as,
α1 =
α3 =

vy + lf ψ̇
vx −

wt
2 ψ̇

− δ,

vy − lr ψ̇
,
vx − w2t ψ̇

α2 =
α4 =

vy + lf ψ̇
vx +

wt
2 ψ̇

− δ,

vy − lr ψ̇
.
vx + w2t ψ̇

(5a)
(5b)

We make use of the following assumptions,
Assumption 3: In equation (4) the vertical forces Fzi are
assumed constant and determined by the vehicle’s steady
state weight distribution when no lateral or longitudinal
accelerations act at the vehicle center of gravity.
Assumption 4: The friction coefficient is treated as an
exogenous disturbance signal. It is assumed to be the same
at all wheels, i.e., µi = µ, ∀i and constant over a finite time
horizon. At each time instant an estimate of µ is assumed
available. See, e.g., [18], [15], [14], [17] for an overview on
friction estimation techniques.

Fig. 2.

Modeling notation.

Assumption 5: The signal ψ̇d is treated as an exogenous
disturbance signal. Every time instant, an estimate of ψ̇d is
available over a finite time horizon. See, e.g., [9], [1], [4] for
sensing technologies that can be used to obtain this signal.

Estimation results of the driver model parameters in (6)(7), obtained using a nonlinear recursive least squares algorithm, are presented in [5] for both normal and aggressive
driving styles.
We write the model (1)-(7) in the following compact form,

B. Driver model

˙ = f (ξ(t), u(t), w (t)),
ξ(t)
(8)
iT
h
T
where ξ = vx , vy , ψ̇, eψ , ey , u = [δc , Fb ] and w =
iT
h
µ, ψ̇d , ∆ψd are the state, input and disturbance vectors,
respectively.

We will utilize a model of the driver’s steering behavior.
In general, an accurate description of the driver’s behavior
requires complex models accounting for a large amount of
exogenous signals [2]. We are interested in very simple
model structures, enabling the design of a low complexity
model-based threat assessment and control design algorithm.
In this paper the driver’s steering behavior is described by
a model, where the vehicle state and the road geometry
information are exogenous signals, the steering angle is
the model output and the steering model parameters are
estimated based on the observed behavior of the driver. The
modeling and estimation of the driver behavior considered
in this paper was presented in [5] and is described here for
the sake of completeness.
Define the orientation error elp
ψ , w.r.t. a look-ahead point
as in Figure 2,
lp
elp
ψ = ψ − ψd = eψ + ∆ψd ,

(6)

where ψdlp is the desired orientation at time t + tlp , with t
the current time, ∆ψd = ψd − ψdlp and tlp the preview time
that can be mapped into the preview distance dlp under the
assumption of constant speed vx . We compute an estimate
of the driver commanded steering angle δ̂d as,
δ̂d = Ky ey + Kψ elp
ψ = Ky ey + Kψ eψ + Kψ ∆ψd ,

(7)

with Ky and Kψ as gains that are, in general, time varying
and are updated online. Clearly, ∆ψd in (6) depends on
the preview time tlp that, in our modeling framework, is
considered as a parameter of the driver model. We also
remark that the steering model (7) is velocity dependant since
∆ψd also depends on the vehicle speed vx .

III. S AFETY CONSTRAINTS
We recall that the overall aim of the safety system proposed in this paper is to keep the vehicle in the lane while
maintaining a stable vehicle motion. In this section, we
express the requirements that the vehicle stays in the lane
while operating in a stable operating region as constraints
on the vehicle state, input and disturbance variables.
Let eyi , i ∈ {1, 2, 3, 4} be the distances of the four vehicle
corners from the lane centerline. eyi can be written as
c
c
ey1 = ey + + a sin(eψ ), ey2 = ey − + a sin(eψ ),
2
2
(9a)
c
c
ey3 = ey + − b sin(eψ ), ey4 = ey − − b sin(eψ ),
2
2
(9b)
where c is the vehicle width, a and b are the distances of the
center of gravity from the front and rear vehicle bumpers,
respectively.
The requirement that the vehicle stays in the lane is then
expressed,
−eymax ≤ eyij ≤ eymax , i ∈ {1, 2, 3, 4}.

(10)

In addition to staying in the lane, we require that the
vehicle operates in a region of the state space where the
vehicle is easily maneuverable by a normally skilled driver.
Consider the tire force characteristics shown in Figure 3.

In the shaded region, the nonlinearity in the lateral tire
force characteristics is less evident. In this region the vehicle behavior is predictable by most drivers and Electronic
Stability Control (ESC) systems are inactive [8], [16]. The
requirement that the vehicle operates in stable operating
conditions is thus ensured by limiting the tire slip angles αi ,
αimin ≤ αi ≤ αimax , i ∈ {1, 2, 3, 4}.

(11)

The constraints (10)-(11) can be compactly written as,
h(ξ, u, w ) ≤ 0,

(12)

here is to ensure that the safety constraints (12) are not
violated, while utilizing minimal control action. If the driver
steering model (7) is alone capable of steering the vehicle
without violating the safety constraints (12), no control
action will be applied and the optimal cost will thus be zero.
In addition to the soft constraints we have imposed hard
constraints. (14e)-(14g) reflect limitations set by the actuators. The constraint (14h) enables Hp to be chosen larger than
Hc and the control kept constant during the prediction time
beyond Hc . This constraint is useful for real-time execution
when computational resources are limited.

where 0 is a vector of zeros with appropriate dimension
IV. P REDICTIVE

CONTROL PROBLEM

In this section we formulate the threat assessment and
control problems as a Model Predictive Control Problem
(MPC). At each sampling time instant an optimal input
sequence is calculated by solving a constrained finite time
optimal control problem. The computed optimal control input
sequence is only applied to the plant during the following
sampling interval. At the next time step the optimal control
problem is solved again, using new measurements.
We discretize the system (8) with a fixed sampling time
Ts to obtain,
ξk+1 = f d (ξk , uk , wk ),

(13)

and formulate the optimization problem, to be solved at each
time instant, as
min
Ut ,ǫ

H
c −1
X

V. R ESULTS
In this section, we validate the behavior of the proposed
active safety system. We consider scenarios where the driver,
1) safely negotiates a curve,
2) approaches a right curve too quickly and is not prepared to safely navigate the turn,
3) unintentionally veers off a straight road to the left into
oncoming traffic,
4) unintentionally veers off a straight road to the right
shoulder.
Human drivers interacting with a driving simulator were
used to collect the data for the results presented next.
The estimation algorithm in [5] is implemented to estimate
parameters of the driver model (7). In addition, the vehicle
and design parameters in Tables I and II were used to
implement the predictive controller (14).
TABLE I

||ut+k,t ||2R + ρǫ

(14a)

k=0

s.t. ξt+k+1,t = f d (ξt+k,t , ut+k,t , wt+k,t ),
k = 0, ..., Hp − 1

(14b)

ht (ξt+k,t , ut+k,t , wt+k,t ) ≤ 1ǫ,

(14c)

ǫ ≥ 0,
k = 0, ..., Hp
ut+k,t = ∆ut+k,t + ut+k−1,t ,

(14d)
(14e)

umin ≤ ut+k,t ≤ umax ,
∆umin ≤ ∆ut+k,t ≤ ∆umax ,

(14f)
(14g)

∆ut+k,t = 0,
ut−1,t = u(t − 1),
ξt,t = ξ(t),

k = 0, ..., Hc − 1
k = Hc , ..., Hp

(14h)
(14i)
(14j)

where t denotes the current time instant and ξt+k,t denotes
the predicted state at time t + k obtained by applying the
control sequence Ut = [ut,t , . . . , ut+k,t ] to the system (13)
with ξt,t = ξ(t). Hp denotes the prediction horizon and
Hc denotes the control horizon. The safety constraints (12)
have been imposed as soft constraints, by introducing the
slack variable ǫ in (14a) and (14d). R and ρ are weights of
appropriate dimension penalizing control action and violation
of the soft constraints.
We note that no penalty on deviation from a tracking
reference is imposed in the cost function (14a). The objective

V EHICLE PARAMETERS
m=
2050 kg
Jz =
3344 kgm2
µ
1.0

σ=
0.7
lf =
1.43 m
a
2.12 m

wt =
1.63 m
lr =
1.47 m
b
2.66 m

B1 , B2 =
−10.5
B3 , B4 =
−12.7
c
1.77 m

C1 , C2 =
0.5
C3 , C4 =
0.5

TABLE II
D ESIGN PARAMETERS
umax =
[0.7 rad, 0 N ]T
umin =
[−0.7 rad, −µmg N ]T
∆umax =
[1.4 rad, µmg N ]T
∆umin =
[−1.4 rad, −µmg N ]T

Hp = Hc =
21
Ts =
40 ms
ρ=
104
R=
diag(1, 10)

αmax =
4◦
αmin =
−4◦
eymax =
2.5 m
eymin =
−2.5 m

The driver estimation algorithm adapts and updates the
parameters of the driver model as new data becomes available. Since the estimation is conducted in nominal driving
conditions, the resulting driver model is expected to be
representative of the nominal behavior of the driver. The
implications of this is discussed next, as the behavior of the
suggested predictive controller is analyzed for the considered
scenarios.

A. Nominal Behavior

(a) Vehicle positions in Trajectories 2 and 3. The inset shows the predicted
violation of the position constraints.
(a) Vehicle positions in Trajectory 1 calculated by the predictive controller.
Corrective action is not required as the expected behavior of the driver keeps
the vehicle in the center of the lane.

(b) Steering angles in Trajectories 2 and 3

Fig. 4.

Consider Figure 4(a) which depicts a driving situation
where the driver is attentive and is safely steering the vehicle
down the center of the lane, within the road bounds. The
dark vehicle indicates the current vehicle position and the
brighter vehicles illustrate the vehicle trajectory, predicted
by the predictive controller. We refer to this trajectory as
Trajectory 1. In this situation, the estimated driver model is
capable of keeping the vehicle in the lane which indicates
that the nominal behavior of the driver is safe in this
situation. The action that minimizes the cost function (14a)
is thus zero corrective steering and braking, hence the driver
remains in control of the vehicle.
Figure 4(b) shows a comparison of the predicted steering
trajectory, Trajectory 1, and the actual steering trajectory of
the driver, who was allowed to remain in full control of
the vehicle. We note that the corrective steering action δc
is zero in Trajectory 1, hence the closed-loop trajectory is
predicted by the driver model only, i.e., δ = δ̂d . We also note
that the steering angle δ̂d in Trajectory 1 corresponds well
with the driver’s actual steering angle δd . In this situation
the adopted predictive controller could correctly predict the
nominal behavior of the driver and thus avoided intervening.
B. Excessive speed in curve
Next we consider a scenario where the driver is approaching a curve too quickly to safely navigate the turn. An
intervention from the active safety system is required to keep
the driver safely within the constraints of the lane.
In Figure 5(a) two trajectories are shown. The dark vehicle
shows the vehicle’s current position. The vehicles shown in

0
Fb (N)

(b) Steering angles , δc , δ̂d and δ in Trajectory 1 compared to the actual driver
steering, δd .

−100
−200
0
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15
Horizon (m)

20

25

(c) Fb in Trajectory 3
Fig. 5.

outline illustrate the trajectory of the vehicle controlled by
the driver model only (Trajectory 2). Trajectory 2 indicates
that the driver’s nominal behavior leads to a violation of
the position constraints (10). Consequently, the predictive
controller corrects the driver’s control action to avoid the
constraint violation. The brighter vehicles in Figure 5(a)
show the trajectory predicted by the predictive controller
(Trajectory 3). Compared to Trajectory 2, the vehicle motion
has been slightly corrected such that the vehicle remains in
the lane.
Figure 5(b) shows the steering angles δ, δ̂d and δc in
Trajectories 2 and 3 and Figure 5(b) shows the braking signal
Fb in Trajectory 3. Figure 5(b) shows that, as indicated
by δ̂d in Trajectory 2, the driver is expected to steer and
attempt following the path prescribed by the road. However,
we note that the magnitude of δ̂d in Trajectory 2 is too
small, hence in order to maintain the vehicle within the
road boundaries, the driver would have to deviate from the
nominal behavior described by the estimated driver model.
Figures 5(b) and 5(c) show how the predictive controller
simultaneously corrects the driver’s steering and slightly
brakes the vehicle. In particular we note that the steering
magnitude |δ| in Trajectory 3 is initially significantly higher
than |δ̂d | in Trajectory 2. We also note that the control signals

(a) Vehicle positions in Trajectories 4 and 5.

(a) Vehicle positions in Trajectories 6 and 7.

(b) Steering angles in Trajectories 4 and 5.

(b) Steering angles in Trajectories 6 and 7.

Fig. 6.

δc and Fb vanish smoothly as the vehicle path has been
recovered and the driver model is again capable of keeping
the vehicle in the lane.
C. Unintentional drifting
Consider Figures 6 and 7 where the driver is distracted
and is veering to the shoulder of the lane and into oncoming
traffic, respectively. In Trajectories 4 and 6 the vehicle is
controlled by the driver model and these are illustrated with
the vehicles in outline, in Figures 6 and 7, respectively. In
Trajectories 5 and 7 the vehicle is instead controlled by the
predictive controller and these trajectories are shown with
the bright vehicles in Figures 6 and 7, respectively. At the
points of the dark vehicles in Figures 6 and 7, the nominal
driver behavior is no longer sufficient to keep the vehicle in
the lane, as indicated by Trajectories 4 and 6.
Figures 6(b) and 7(b) show that the driver is expected to
steer towards the center of the lane in both situations, but just
like in Trajectory 2 the driver would have to deviate from the
nominal behavior to avoid violating the position constraints.
Since the lane departures in these situations are related
to distraction rather than excessive speed, the predictive
controller does not brake in any of the two situations. Instead
we note that, the predictive controller corrects the driver’s
steering to push the vehicle back in the lane. We also note
that in both Trajectories 5 and 7 the signal δc smoothly
vanishes to zero as the vehicle path is recovered and the
driver model is again capable of keeping the vehicle in the
lane.
We remark that the adopted driver model does not capture
the driver’s distraction. Consequently the predictive controller does not explicitly account for this. In the considered
scenarios, the predictive controller simply identified that even

Fig. 7.

though it is still possible to keep the vehicle in the lane,
the driver would have to deviate from the nominal behavior
described by the driver model. Even though, the performance
of the considered approach could potentially be enhanced by
incorporating a driver monitoring system, we observed that
in these two scenarios, the proposed approach is beneficial
without depending on such a system.
VI. C ONCLUSIONS
This paper presents a predictive controller for prevention
of unintended roadway departures. The predictive controller
is persistent and mode switching is not necessary. Driver
simulator experiments demonstrate the capability of the
suggested controller to detect and avoid roadway departures
while avoiding unnecessary interventions in a wide range of
scenarios. The promising results presented in this manuscript
motivate further efforts towards a real-time implementation
of the suggested approach and an evaluation using human
drivers in real world scenarios.
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